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This paper presents Particle Filtering Approach to Bayesian
Formant Tracking. Explicit nonlinear formulas have been de-
veloped to map psd (power spectral density) of speech signal to
formant frequencies. Formant tracking is formulated as a non-
linear Bayesian tracking problem and solved by particle filtering
approach.

1. Introduction
In many phonological systems, sounds are classified by the
action of articulators [1, 2, 3]. A reliable detection of formants
and front cavity resonances over time should be capable of
recognizing most of the linguistic information carried by the
tongue and lips, including consonant place and vowel quality.
But few speech recognizers use formant information because
gross formant tracking mistakes (typically 3-5% of all voiced
frames) invariably cause mistakes in phoneme recognition [4].

Recently, hidden dynamic models [4, 5] have been proposed
to incorporate formant information into speech recognition by
modeling the formant frequencies as hidden random variables.
In these models, the relationship between formant frequencies
and the mel-frequency cepstral coefficients (MFCCs) is a non-
linear function modeled by an MLP (multilayer perceptron).
Optimizing the parameters of such a model is difficult because
the likelihood function has a very large number of spurious
local maxima [6].

This paper derives an explicit nonlinear mapping between
the formant frequencies and the cepstrum. Using the derived
nonlinear mapping, we demonstrate that it is possible to extract
formant information from the cepstral coefficients using partile
filter approach.

2. Derivation of Nonlinear Mapping
Function

Cepstral coefficients have been widely used in the speech
recognizer as input features. Using the Taylor series of the
function log(1−x), other authors have shown that the cepstrum
of a vowel is the sum of exponentially decaying sinusoids at
the frequencies of the formants [7]. The exponential decay
properties of the cepstrum are convenient, on the one hand,
because only 10-30 coefficients are necessary to encode the
information about the vocal tract, but on the other hand, the
rapid exponential decay of the cepstrum makes it difficult to
extract the formant information coded in it. In this section,
we show that by considering the correlations between frames,
it is possible to extract formant information from this decay
sequence.

Assume that the vocal tract transfer function can be modeled
by the following function:

T (ejw) =
M∏

m=1

1

[(1 − e−σm−jw)(1 − e−σ∗
m−jw)]ηm/2

(1)

where σm = Bm
2

+ jωm, 0 < ηm ≤ 2, Bm is the bandwidth,
ωm is the mth formant frequency, and ηm is a scaling term
that models inaccuracies in the all-pole spectral model. Dur-
ing vowel production, ηm ≈ 2. During consonant production,
ηm ≈ 2 for fully excited formants, but ηm ≈ 0 for formants
canceled by spectral zeros or by nulls in the excitation. The log
magnitude spectrum, − log |T (ejω)|2, is the sum of 4M dif-
ferent terms of the form log(1 − z), where z takes the values
of e−σm−jω , e−σ∗

m−jω , e−σm+jω , and e−σ∗
m+jω . Using the

standard Taylor expansion of log(1 − z), and sampling at the
frequencies ω1, · · · , ωk, we obtain:

�y = W�x + �µ + �e (2)

where

�y = [−log|T (ejw1)|2, · · · ,−log|T (ejwk)|2]T

W =

⎡
⎢⎢⎢⎣

cos(ω1) cos(2ω1) · · · cos(nω1)
cos(ω2) cos(2ω2) · · · cos(nω2)

...
... · · ·

...
cos(ωk) cos(2ωk) · · · cos(nωk)

⎤
⎥⎥⎥⎦

�x =

⎡
⎢⎢⎢⎣

η1g(1,1)cos(ωf1) + · · · + ηMg(M,1)cos(ωfM )
η1g(1,2)cos(2ωf1) + · · · + ηMg(M,2)cos(2ωfM )

...
η1g(1,n)cos(nωf1) + · · · + ηMg(M,n)cos(nωfM )

⎤
⎥⎥⎥⎦

where (g(m,1), . . . , g(m,n)) is found by clustering the coef-
ficients in the Taylor expansion. Empirically, we find that
g(m,n) ≈ e−nαm for a bandwidth-dependent decay parameter
αm. The decay factor αm is a monotonically increasing func-
tion of the bandwidth Bm. Note that �x is the inverse DCT of �y,
and �gm is the cepstrum corresponding to a single complex pole
pair at frequency ωm, where �gm is defined as

�gm = [e−αmcos(2πfm), · · · , e−nαmcos(2πfmn)]T

Given the above definitions of �xt and �g(t)m, �xt and let �ς =
[η1, η2, · · · , ηm]T ,then:

�xt = �ft + �et ≈
M∑

m=1

ηm�gm + �et (3)



3. Particle Filtering Approach to Bayesian
Formant Tracking

Assuming that vocal tract changes slowly with time, and that
therefore the formant frequencies change little over a time in-
terval on the order of 10ms to 30 ms, a hidden dynamic model
can be formulated as follows:

�ft = �ft−1 + �vt−1, �vt−1 ∼ N(0, σ2
fI) (4)

�αt = �αt−1 + �wt−1, �wt−1 ∼ N(0, σ2
αI) (5)

�yt = C(�ft, �αt)�ςt + �et, �et ∼ N(0, σ2
yI) (6)

where C(�ft, �αt) = [�g1(f1, α1), · · · , �gM (fM , αM )] (7)

In the formant tracking problem, we are interested in finding
p(Ft|Yt) and F̂t = argmax

Ft

p(Ft|Yt), where Ft � �f0:t and

Yt � �y1:t.

3.1. Review of Particle Filtering: Sequential Importance
Sampling (SIS) and Resampling(SIR) [8]

By sampling technique, it is to approxmate p(Ft|Yt) by
p̂(Ft|Yt):

p(Ft|Yt) ≈ p̂(Ft|Yt) =

Ns∑
i=1

w̃i
tδ(�f i − �f i

s) (8)

where Ns is the number of samples

Obviously, as Ns goes to infinity, p(Ft|Yt) can be approx-
imated by p̂(Ft|Yt) arbitrarily well. The idea of important
sampling is to sample from a easy-to-sample function q(Ft|Yt),
compare it to p(Ft|Yt) at sample point, and scale qi(Ft|Yt) to
find normalized weight w̃i

t to approximate pi(Ft|Yt) at sample
point (particles) i (i = 1, 2, · · · , Ns).

Knowing that it is hard to sample from p(Ft|Yt), [8]
provided a way to circumvent this difficulty by sampling from
a easy-to-sample function q(�ft|�f0:t−1, �y1:t) for the Markov
model in Eq.4 and Eq. 6. Some important equations were given
below, for detailed derivations please see [8].

q(�ft|�f0:t−1, �y1:t) � p(�ft|�ft−1) (9)

wi
t = wi

t−1

p(�yt|�f i
t )p(�f i

t |�f i
t−1)

q(�ft|�f0:t−1, �y1:t)
= wi

t−1p(�yt|�f i
t ) (10)

w̃i
t =

wi
t

Ns∑
j=1

wj
t

(11)

wi
0 = p0(�f i) (12)

where p0 is the prior of �f , i = 1, 2, · · · , Ns

It has been proved in [9] that the variance of the important
weights w̃t increased stochastically over time in SIS. To avoid
the degeneracy of SIS simulation method, sequential impor-
tance resampling (SIR) was proposed [10]. By SIR, region with
high probability were sampled more frequently than region with
low probability. A more refine method to improve the quality
of resampled samples is to implement a Markov chain Monte
Carlo (MCMC) step after the SIR step.

3.2. Bayesian Formant Tracking

To solve the problem by Particle Filtering, the first thing that we
need to figure out is how many particles we need for the formant
tracking problem. Assume that

1. Four formants will be tracked,

2. The particles were put based on the mel-frequency scale,

3. According to (2) and constrained that Fmt1 > Fmt2 >
Fmt3 > Fmt4 and the distance between any adjacent
formants is at least 300 Hz.

Supposed that the phoneme size is 43, and 30 formant parti-
cles for each phoneme. We can put 7 samples for Fmt1 in
the range of 300 Hz to 1200 Hz, 8 samples Fmt2 is in the
range of 800 Hz to 3000 Hz, 6 samples Fmt3 is in the range
of 1600 Hz to 3700 Hz, and 4 samples Fmt4 is in the range
of 3200 Hz to 4600 Hz. Then for all the combinations, we
have 7 × 8 × 6 × 4 = 1344 ≈ 210.4 particles to approx-
imately uniformly sampled the formants subspace. [11] At
any given frame t, the posterior probability only concentrated
in a small region T known as its typical set T, whose volume is

given by |T | ≈ 2H(�ft|�ft−1), where H(�ft|�ft−1) ≈ log24
4 = 8

is the Shannon-Gibbs entropy of the probability distribution
P (�ft|Yt), then the number of samples required to hit the typ-
ical set once is this of order R ≈ 2N−H ≈ 4. Then if we
want to hit the typical set 10 times, approximately 40 particles
are needed. Considering the sampling of �alpha, approximately
160 particles is enough. So the particle size is manageable for
our formant tracking problem.

Given Eq. 6, likelihood function p(�yt|�ft, I) is (where I is
the prior information of the formant frequency):

p(�yt|�ft, I) ∝ σ−nexp(− nQ

2σ2
) (13)

Where Q =
1

n
‖�yt − C(�ft, �αt)�ςt‖2

2 (14)

In our experiment, σf = 50Hz, σα = 0.05, and particles size
(Ns = 150). An example of formant tracking results were
shown in Fig 3.2 and Fig 3.2 . Prior distribution of formants
is uniform.

From the experiment, we shown that particle fitlering ap-
proach is able to given useful result of the formant for uniform
prior on formants. It is obviously that the precision of the re-
sult will depend on number of particles, and with a much in-
formative informative prior on formants, this method will be
able to give more accuarate result. The next experiment will be
phoneme base formant tracking.
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